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Abstract. In this paper wc study the second Hochschild cohomology group 
HH'^(A) of a finite dimensional algebra A. In particular, we determine HH^(A) 
where A is a finite dimensional self-injective algebra of finite representation 
type over an algebraically closed field K and show that this group is zero for 
most such A; we give a basis for HH^(A) in the few cases where it is not zero. 
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Introduction 

In this paper we study the second Hochschild cohomology group IIII^(A) of 
all finite dimensional self-injective algebras A of finite representation type over an 
algebraically closed field K . 

In general, finite dimensional self-injective algebras of finite representation type 
over an algebraically closed field K were shown by Riedtmann in [9] to fall into one 
of the types A, D or i?, depending on the tree class of the stable Auslander-Reiten 
quiver of the algebra. Riedtmann classified the stable equivalence representatives of 
these algebras of type A in [10] ; Asashiba then showed that the stable equivalence 
classes are exactly the derived equivalence classes for types A, D in [2, Theorem 
2.2]. In [l],the derived equivalence class representatives are given explicitly by 
quiver and relations. 

Happel showed in [8] that Hochschild cohomology is invariant under derived 
equivalence. So if A and B are derived equivalent then HH^(v4) = HH^(i3). Hence 
to study HH^(A) for all finite dimensional self-injective algebras of finite represen- 
tation type over an algebraically closed field K, it is enough to study HH^(A) for 
the representatives of the derived equivalence classes. The algebras of type A fall 
into two types: Nakayama algebras and Mobius algebras, and the Hochschild coho- 
mology of these algebras has already been studied. In [3], Erdmann and Holm give 
the dimension of the second Hochschild cohomology group of a Nakayama algebra. 
In [6], Green and SnashaU find the second Hochschild cohomology group for the 
Mobius algebras. 

The main work of this paper is thus in determining HH'^(A) for the finite di- 
mensional self-injective algebras of finite representation type of types D and E. In 
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Section 1 we give a summary of [1] which gives the explicit derived equivalence 
representatives we consider. Section 2 gives a short description of the projective 
resolution of [6] which we use to find HH^(A). In Section 3, we give a general 
theorem, Theorem 3.6, which wc use to show that HH^(A) — for most of our 
algebras. This is motivated by work in [6]. The strategy of the theorem is to 
show that every element in Hom(Q^,A) is a coboundary so that HH^(A) = 0, 
where is the second projective in a minimal projective resolution of A as a A,A- 
bimodule. For all other cases which are not covered by Theorem 3.6, we determine 
HH^(A) by direct calculation, and find a basis for HH^(A) in the instances where 
HH^(A) ^ 0. The standard algebras are considered in Sections 4 and 5 and the 
non-standard algebras in Section 6. Finally Theorem 6.5 summarises our results 
and describes HH^(A) for all finite dimensional self-injcctive algebras A of finite 
representation type over an algebraically closed field. As a consequence, we show 
that dimHH2(A) + dimHH2(A') for a non-standard algebra A and its standard 
form A', where A and A' arc of type [Dzrm 1/3, 1). This gives an alternative proof 
that A and A' are not derived equivalent. 

1. The derived equivalence representatives 

We give here Asashiba's full classification from [1] and [2] of the derived equiv- 
alence class representatives of the finite dimensional self-injective algebras of finite 
representation type over an algebraically closed field. These derived equivalence 
class representatives are listed according to their type. 

From [9] , the stable Auslander Reiten quiver of a self-injective algebra A of finite 
representation type has the form ZA/(g'), where A is a Dynkin graph, g = (t~^ 
such that r is a natural number, ^ is an automorphism of the quiver ZA with a 
fixed vertex, and r is the Auslander-Reiten translate. Then typ(A) := {A,f,t), 
where t is the order of C and / := r/rriA such that ttia = n,2n — 3, 11, 17 or 29 as 
A = An, Dn, Eq, or E^, respectively. We take the following results from [2]. 

Proposition 1.1. [2, Theorem 2.2] Given A a self-injective algebra of finite repre- 
sentation type then the type typ(A) is an element of one of the following sets: 

{(A„,s/n,l)|n,seN}; 

{(A2p+i,s,2)b,sGN}; 

{(£'„,s,l)|n,sGN,n>4}; 

{(£>„,s,2)|n,sGN,n>4}; 

{(i)4,s,3)|seN}; 

{(Dam, s/3, l)|m, s e N, m > 2, 3 t s}; 
{(£'„,s, l)|n = 6,7,8, sgN}; and 
{{E^,s,2)\s&n}. 

Theorem 1.2. [2, Theorem 2.2] Let A and 11 he self-injective algebras of finite 
representation type. 

(i) If A is standard and U is non-standard then A and U are not derived equiv- 
alent. 

(a) If A and U are either both standard or both non-standard then the following 
are equivalent: 

1) A and H are derived equivalent; 

2) A and U are stably equivalent; 
5;typ(A)=typ(n). 
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Using these results, [1] gives the derived equivalence representatives by quiver 
and relations; these are stated here for convenience. The derived equivalence repre- 
sentatives of the standard algebras are given in 1.3-1.10. The non-standard derived 
equivalence representatives are given in 1.11. Recall from [2, Theorem 2.2] that 
the non-standard derived equivalence representatives only occur when charX = 2. 
Note that [j] denotes the residue of j modulo s where s > 1 and we write paths 
from left to right (whereas paths are written from right to left in [1]). 



1.3. A(An,s/n,l) withs,n>l. 



A(A„, s/n, 1) with s, n > 1 is the Nakayama algebra Ng^n and it is given by the 
quiver (5(-/Vs,n): 



Cts-l 
O ■< O 



o 

oil 





with relations R{Ns^n)'- 

aiUi+i ■ ■ ■ ai+n = 0, for all i € {1, 2, . . . , s} = Z/ (s). 



1.4. A(A2p+i,s, 2) with s,p>l. 



A(^2)3+i, s, 2) with s,p > 1 is the Mobius algebra Mp^g and it is given by the 
quiver Q{Mp^s): 
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^ p — 1 

o • • • 




with relations R(Mp,s): 

(i) a|;l---4*' =/3^''---/3i^',foralHe{0,...,s-l}, 

(ii) for all i G {0, . . . , s - 2}, 



(iii) paths of length p + 2 are equal to 0. 



1.5. A(£)„, s, 1) n > 4, s > 1. 



A{Dn, s, 1) with n > 4, s > 1 is given by the quiver Q{Dn, s): 
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with relations R{Dn, s, 1): 

(i) c^.2<^-^ ■ ■ ■ c^c^ - = 7iSl^' , for alH e {0, . . . , s - 1} = Z/(s), 

(ii) for alH e {0, . . . , s - 1} = Z/(s), 

MSr'' = 0, 7r/3r^^ = 0, 

, s - 1} = Z/(s) and for all j e {1, . . . , n - 2} = Z/{n - 2), 



(iii) for all i G {0, 



[i] [i] [i+1] „ 
70 71 70 = 0> 



[i] [i+1] [j+l] r, 
7l7o V1^'=0. 



The set of relations (iii) means that "a-paths" of length n — 1 are equal to 0, 
"/3-paths" of length 3 are equal to and "7-paths" of length 3 are equal to 0. 

1.6. A{Dn, s, 2) with n > 4, s > 1. 

A(D„, s, 2) with n > 4, s > 1 is given by the quiver Q{Dn, s) above with relations 
i?(D„,s,2): 

(i) o^_^c^_^ ■ ■ ■ a^c^ - = 7iSf ' , for alH G {0, . . . , s - 1} = Z/{s), 

(ii) for alH G {0, . . . , s - 1} = Z/{s), 



[i] [i+i] 
7i a„-2 
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and for all i £ {0, . . . , s — 2}, 

(iii) "a-paths" of length n — 1 are equal to 0, and for alH G {0, . . . , s — 2}, 

/ji^ivr = 0, 7isisr = 0, 

/3W/3r^I/3^'' = 0, TiSrSr^' = O and 

1.7. A(£>4,s,3) wii/i s > 1. 

A(D4,s,3) with s > 1 is given by the quiver Q{D4,s) above with relations 
R{Di,s,3): 

(i) a{;l«W = = ^H^W^ for aU i e {0, . . . , s - 1} = Z/{s), 

(ii) for alH G {0, . . . , s - 2}, 

Msr>=o, 7F'/3r'=o, 

pt'w^^ = 0, = 0, 
7r^'/3i'" = 0, 7rsi°i = 0, 

(iii) paths of length 3 are equal to 0. 

1.8. A(£)3„, s/3, 1) with m > 2 and 3 f s > 1. 

A(r>3TO, s/3, 1) with m > 2 and 3 1 s > 1 is given by the quiver Q{D3rn, s/3): 



and 
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3 ... 

with relations i?(£'3m, s/3, 1); 

(i) a^l^a^2^ . . . = AA+i, for alH G {1, . . . , s} = Z/ (s), 

(ii) alJ|aS.'+^' = 0, for alH G {1, . . . , s} = Z/(s), 
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(iii) af ■ ■ ■ a[^/?i+2a^'+^l • • • aj'+^' = , for all z e {1, . . . , s} = Z/(s) and for all 
j e {1, . . . , m} (i.e. paths of length m + 2 are equal to 0). 
In the case s = 1, the relations R{D3rn, 1/3, 1) are: 

(i) aia2 ■■■am= /3'^, 

(ii) amCti = 0, 

(iii) aj ■ ■ ■ ampoii ■■■ aj = for j = 2, ... ,m — 1. 

1.9. A{En, s, 1) with n e {6, 7, 8} and .s > 1. 
A{En, s, 1) is given by the quiver Q{En, s): 



o[0) 






71 



[0] 



4^1 



[s-1] 

Ti 



7^" 



7^' 





''n-2 



-*n-3 



with relations R{En, s, 1) : 

(i) c^_, ■ . ■ a^c^ = /SiVI'M^' = lH\ for alH € {0, . . . , 5 - 1}, 

(ii) for alH G {0, . . . , s - 1} = Z/(s), 



0, 




= 0, 


0, 




= 0, 


0, 




= 0, 



SELF-INJECTIVE ALGEBRAS AND HOCHSCHILD COHOMOLOGY 



9 



(iii) "a-paths" of length n — 2 are equal to 0, "/3-paths" of length 4 are equal to 
and "7-paths" of length 3 are equal to 0. 

1.10. A(£;6,s,2) with s>l. 

A{E(i, s, 2) is given by the quiver Q{Eq, s) above with relations R{Ee, s, 2) : 

(i) o^a^a^ = /3M/3fl/3W = tI'tI'', for alH G {0, . . . , s - 1}, 

(ii) for alH G {0, . . . , s - 1} Z/(s}, 

and for alH G {0, . . . , s — 2}, 

aiVr^' = 0, 4^14+^1 = 0, 

(iii) "7-paths" of length 3 are equal to and for alH G {0, . . . , s — 2} and for all 
iG {1,2,3} = Z/(3), 

,[s-n . . . ^[s-n^m . . . ^m^ = o, /3f "^i • • • M^-^ia^ • • • afl, = o. 

Thus we have listed all the derived equivalence representatives of the standard 
algebras. The derived equivalence representatives of the non-standard algebras are 
given next. 

1.11. A(to) with m > 2. 

In this case chari^ = 2 by [2, Theorem 2.2]. The non-standard algebra A(m) for 
each m > 2 is given by the quiver QiD^^, 1/3): 




3 



with relations R{m): 
(i) aia2 ■■■am = 0^, 



10 



AL-KADI 



(ii) amai = am(3ai, 

(iii) aiUi+i ••• ai = , for alH S {1, ... , m} = Z/ (m) (i.e. "a"-paths of length 
m + 1 are equal to 0). 

2. Projective resolutions 

To find the Hochschild cohomology groups for any finite dimensional algebra A, 
a projective resolution of A as a A, A-bimodule is needed. In this section we look at 
the projective resolutions of [6] and [7] in order to describe the second Hochschild 
cohomology group. Let A = KQ/I where Q is a quiver, and I is an admissible 
ideal of KQ. Fix a minimal set of generators for the ideal /. Let x be one of 
the minimal relations. Then x = J2^j=i ^j^^j ' ' 'C'kj ' ' '(^sjj, that is, x is a linear 
combination of paths aij ■ ■ ■ Ukj ■ ■ 'ds^j for j = 1, . . . , r and Cj € K and there are 
unique vertices v and w such that each path aij ■ ■ ■ a^j ■ ■ ■ a^.j starts at v and ends 
at w for all j. We write o{x) = v and t(a;) = w. Similarly o(a) is the origin of the 
arrow a and t(a) is the end of a. 

In [6, Theorem 2.9], a minimal projective resolution of A as a A, A-bimodule is 
given which begins: 

where the projective A, A-bimodules Q^,Q^, QP' are given by 

qO= AwO-yA, 

v^vertex 

= Ao(a) (g)t(a)A, and 

a^arrow 

g2 ^ Ao(a;)(8)t(a;)A. 

The maps .9,j4i, A2 and A3 are all A, A-bimodule homomorphisms. The map 
g : ^ A is the multiplication map so is given v®v ^ v. The map Ai : — > 
(5° is given by o(a) ® t(a) ^ o(a) ® o(a)a — ai{a) ® t(a) for each arrow a. 

With the notation for x € given above, the map A2 : is given by 

o{x)(S)t{x) ^ Y.]^i Ci(Z]fe=i ay • ■ ■ a(k-i)j®a(^k+i)j ■ --asjj), where ay ■ ■■a(k-i)j® 
a(k+\)j ■ ■ ■ asjj e Ao{akj) (8> t(afcj)A. 

In order to find the projective A, A-bimodule and the map A3 in the A, A- 
bimodule resolution of A in [6], Green and Snashall start by finding a projective 
resolution of A/r as a right A- module, where r = J(A) is the Jacobson radical of 
A, using the notation and procedure of the paper [7]. In [7], Green, Solberg and 
Zacharia show that there are sets n > 3, and uniform elements ye/" such 
that y = J2xef"-'^ ^''^ ~ S^ze/"-^ -^^^ unique elements r^, Sz G KQ with special 
properties related to a minimal projective A-resolution of A/r considered as a right 
A-module. In particular, for y G we have y G U pKQ fl ]_J f^I and y may be 
written y = ffpi = J2 Qiff'^'i with Pi,qi,ri e KQ and pi, qi in the ideal generated 
by the arrows oi KQ such that the elements pi arc unique. Recall that an element 
y € KQ is uniform if there are vertices v,w such that y = vy = yw. We write 
o[y) = V and i{y) = w. 
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Then [6] gives that = Uj^g^s ^o{y) (S> t(2/)A and describes the map A3. For 
2/ e in the notation above, the component of A3{o{y) 18) t(y)) in the summand 
Ao(/2) ® t(/2)A of Q2 is s(o(?y) ® - ® n). 

Thus we can describe the part of the minimal projective A, A-bimodule resolution 
of A: 

Q3 d| Q2 d| Ql QO ^ ^ ^ 0. 

Applying Hom(— , A) to this resolution gives us the complex 

^ Hom(g°, A) ^ Hom(Q\ A) ^ Hom(g2, A) ^ Hom(Q3, A) 
where di is the map induced from Ai for i = 1,2, 3. Then HH^(A) = Kerd3/Imrf2- 

Throughout, all tensor products are tensor products over K, and we write (g) 
for When considering an element of the projective A, A-bimodule = 

©a arrow ^"(o) ® t(a)A it is important to keep track of the individual summands 
of Q^. So to avoid confusion we usually denote an element in the summand 
Ao(a) (8)t(a)A by A (8)0 A' using the subscript 'a' to remind us in which summand this 
element lies. Similarly, an clement A®j2 A' lies in the summand Ao{ff) (S^t{ff)A of 
Q"^ and an clement A ® ys A' lies in the summand Ao{ff) (8) t(/?)A of Q^. We keep 
this notation for the rest of the paper. 

Now we are ready to compute HH^ (A) for the derived equivalence representatives 
of the finite dimensional self-injective algebras of finite representation type over an 
algebraically closed field. 

First we recall that the algebras of type (A„, s/n, 1) and {A2p+i, s, 2) have been 

considered in [3] and [6] respectively. 

Theorem 2.1. [6, Theorem 4.2] For the Mobius algebra Mp^s we have HH^(Mp_s) = 
except when p = 1 and s = 1. 

It is well-known that if p = 1 and s = 1 then Mp^g is the preprojective algebra of 
type A3. In [4], a basis for the Hochschild cohomology groups of the preprojective 
algebras of type An is given. 

Proposition 2.2. [4, 7.2.1] For the Mobius algebra Mp^g with p =1 and s = 1 we 

have dim Y{R^{Mp,s) = 1. 

In [3], the dimension of HH^-' (A) is given for a self-injective Nakayama algebra 
for all j > 1. In particular this gives us HH^(A) when j = 1. The self-injective 

Nakayama algebra A(A„, s/n, 1) of [1] is the algebra B"^^^ of [3]. Write n + 1 = 
ms + r where < r < s. From [3], with j = 1, we have the following result. 

Proposition 2.3. [3, Proposition 4.4] For A = A(A„,s/n, 1), and with the above 
notation we have dim HH'^(A) = m. 

3. A Vanishing Theorem 

In this section we start by recalling some definitions from Section 3 of [6] and 
from the theory of Grobner bases (see [6] and [5]). Recall that A = KQ/I where / 
is an admissible ideal with fixed minimal set of generators 
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A length-lexicographic order > on the paths of Q is an arbitrary linear order of 
both the vertices and the arrows of Q, so that any vertex is smaller than any path 
of length at least one. For paths p and q, both not vertices, we define p> qii the 
length of p is greater than the length of q. If the lengths are equal, say p = a\ - ■ - at 
and q = bi ■ ■ ■ bt whore the and bi are arrows, then we say p > q if there is an 
i,0 < i < t — 1, such that aj = bj for j < i but Oj+i > fej+i. 

Let / be an element in KQ written as a linear combination of paths ^jPj 
with Cj e -fi'VIO} and paths pj. Following [6], we say a path p occurs in / if p = pj 
for some j. 

Fix a length- lexicographic order on a quiver Q. Let / be a non-zero element of 
KQ. Let tip{f) denote the largest path occurring in /. Then we define Tip{I) = 
{tip(f )\f e /\{0}}. Define NonTip(/) to be the set of paths in KQ that arc not in 
Tip(I). Note that for vertices v and zti, wNonTip(/)t(; is a iiT-basis of paths for vAw. 

Definition 3.1. [6, Definition 3.1] The boundary of denoted by Bdy{p), is 
defined to be the set 

Bdy{f) = {{0{fl)M)),...MfMfrn))} = {{0{x),i{x))\x S f}. 

Definition 3.2. [6, Definition 3.3] Let = |J wNonTip(7)w, where the union is 

taken over all {v,w) in Bdy(f^). 

We consider now elements of Hom((5^, A). 

Definition 3.3. [6, Definition 3.4] For p in Q'^ and x G P with o{x) = o{p) and 
t(a;) = t{p), define (j)p x '■ ^ ^ to be the A, A-bimodule homomorphism given by 

p a ff = X, 



otherwise. 



Let d2 : Hom((5^,A) Hom((5^,A) be the map induced by A2. Each ele- 
ment of HH^(A) may be represented by a map in Hom((5^,A) and so is repre- 
sented by a linear combination over K of maps (f>p_x ■ If every (j)p^x is in Im d2 then 
Hom(Q^,A) = Imd2 and hence IIII^(A) = 0. Our strategy in Theorem 3.6 is to 
show that HH^(A) = by showing that every (j)p^x is in Imd2. 

First we return to [6] and modify [6, Definition 3.6]. 

Definition 3.4. Let X be a set of paths in KQ. Define 

Lq{X) = {p £ X\3 some arrow a which occurs in p and 

which does not occur in any element of X\{p}}. 
For p e Lo{X), we call such an a an arrow associated to p. 

Define Li{X) for i e N by 

i-l 

U{X) = Lo{X\ y Lj{X)). 

Definition 3.5. [6, Definition 3.9] Let X be a set of paths in NonTip(/). The 
arrows are said to separate X if X = Ui>o ^ii^)- 



Motivated by Theorem 3.10 in [6] we give a new theorem on the vanishing of 
HH^(A) which we will show applies to all algebras in Asashiba's list when s > 2. 
(We will consider the case s = 1 later.) 
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Theorem 3.6. Let A — KQ/I be a finite dimensional algebra where I is an 
admissible ideal with minimal generating set f^. With the notation of this sec- 
tion, suppose that for all {v,w) G Bdy{f'^) either vAw = {0} or there is some 
path p such that ?;NonTip(/)M; = {p}. In the case where vAw ^ {0} suppose 
further that vf^w = {p — qi, . . . ,p — qt} for paths qi,. . . , qt- Thus we may write 

= {pi, . . . ,pr}, where for each i = 1, . . . ,r, we have non-zero paths qn,. . . , qa^ 
with o{pi)f^t{pi) = {p^ - qn, ...,Pi- fttj- 

Let Y = {pi, . . . ,pr,qij\l < i < r,l < j < ti}. Suppose that Lo{Y) = Y. Let 
aij be an arrow associated to qij and assume that aij occurs only once in the path 
qij. Then every element o/ Hom((5^, A) is a coboundary, that is, (f)p^x G Inid2 for 
all p&Q"^ and x G f^, and thus HH^(A) = 0. 

Proof. It is enough to show that each element (f>p^x of Hom((5^,A), where p is a 

path in and x E with o{x) ~ o{p) and i(x) = t{p), is a coboundary. By 
hypothesis = {pi, ■ ■ ■ ,Pr}- Note that the paths Pi,. ■ ■ ,Pr are distinct. Consider 
the path pi where i G {1, . . . , r}. Then by hypothesis there are vertices Vi, iVi with 
WiNonTip(/)wi = {pi} and Vif'^w^ = {pi_ - q-a, . . . ,pi - qit^}. Thus if a; G and 
o{x) = o{pi) and t(a;) = t{pi) then x G Vif'^Wi. Thus x € {pi - qn, . . . ,Pi - qu^}. 
Consider x =Pi — q^j where j G {1, . . . , ti}. 
The map ^p^^x '■ A is given by 



Wc have Y = {pi, . . . ,Pr, qij\l < i < r,l < j < ti} and Y = Lo{Y) so qij G 
Lo{Y). Therefore there exists some arrow aij which occurs in qij and does not 
occur in any element of Y\{qij}. 

Define : — > A by 



Now we want to show that tpA2 = 4>Pi.x- Take o(/|) ® t(/^) G Q^. We start by 
finding i/)A2(o(/^) (8) t(/^)) by considering two cases. 

Case fl = X. 

Here, we have tpA2{o{f^) t(/fc)) = tpA2{o{x) ® i{x)), where x = pi — qij and 
Qij = P\0'ijP2 for paths pi,p2 such that aij does not occur in p\ or p2 since a^j occurs 
only once in qij by hypothesis. Let pi = ai ■ ■ ■ ai, pi = ei ■ ■ ■ e„, p2 = bi ■ ■ ■ 6„,,, 
where the cr's, e's, 6's are arrows. Then ^A2{o{x) ® i{x)) =tp[{o{x) (^^i (f 2 • • • cr;) + 
0-1 <E)(72 (0-3 • • • cr;) + . . . + {aia2 ■ ■ ■ di-i <^cji t(a;))-(o(a;) 0^^ (£2 • • • en)aijP2 + ei 
(es • • • e„)ayP2 + • • • + (eie2 • • • Cn-i) (^e„ ajjP2 + pi ®aij p2 + Piaij ^bi (&2 ■■■bm) + 
Pittijbi (S)b2 {ba- ■ -bm) + ■ ■ ■ + Piaij{bib2 ■ ■ ■ bm-i) 06„ %))]• 

As Qij, Pi gY = Lo{Y) and aij occurs in qij, we have that does not occur in 
Pi. So Gij is not equal to any of the cr's, e's or 6's. Therefore 

ipA2{o{x) t{x)) 

= -V'(P1 'Slaa P2) 

= -Pl^(t(Pl) 0(P2))P2 

= -pitp{o{a^j) ®aij i{aij))P2 
= Piaijp2 = qij. 
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Case /2 ^ X. 

We consider separately the cases o(/|)At(/|) = and o(/|)At(/|) ^ 0. 

a) If o(/|)At(/2) = then V^2(o(/|) ® t(/|)) = o(/2)V>A2(o(/2) ® i{fl)Wl) 
= as V^2(o(/|) ® i{fl)) e A and o(/2)At(/|) = 0. 

b) If o(/|)At(/|) ^ then o(/|)At(/|) = ^^{pu}, the vector space spanned by 
Pu, for some 1 < u < r. Hence = Pu — Qui for some 1 < / < t«. 

We have -£'o(i^) = 5^ so does not occur in any element of y\{qij}- Suppose 
for contradiction that a^- occurs in so that Qui = Qij as paths in KQ. Then 

o(/fe) = o{qui) = o{qij) = o{x) 

and 

Kfk) = KQui) = t{q,j) = t(x). 

Therefore, o(/^)At(/^) = o(x)At(a;) = Hence, Pu = Pi by the choice of 

Q"^. Therefore, /| = p^ — q^^i = p^ — = x. This gives a contradiction since we 
assumed /| ^ x. Hence a,;j does not occur in q^i- 

Now suppose for contradiction that aij occurs in pu so that p„ = qij as paths in 
KQ. Then 

o(/fe) = o(P«) = o{qij) = o{x) 

and 

t(/fc) = t(P«) = t(%i) = i{x). 
Therefore, Sp{pu] = o(/|)At(/|) = o(x)At(x) = Sp{pi}. Therefore, p„ = pi 
by the choice of Q"^. Hence Pi = Pu = qij in KQ. So pi — q^j = in KQ. This 
contradicts p, — g,j being a minimal generator of I. Therefore, does not occur 
in Pu. 

Thus ttij does not occur in So V^2(o(/fc) <8i t(/fc)) = 0. 
Hence is the map 

As Pi — Qij G we know that pi = qij in A. Hence 'tJjA2 = 4'pi.x- Thus (j)pi,x, and 
hence each element of Hom(Q^, A), is a coboundary. Hence HH^(A) = 0. □ 

4. Application to Standard Algebras 

We now want to apply Theorem 3.6 to our derived equivalence representatives. 
We start by considering the standard derived equivalence representatives, and we 
need minimal relations for each such algebra in Asashiba's list. 

We start with the algebra A = A(Z)„,s, 1). Note that R{Dn,s,l) for s > 1 is 
not minimal. 

For relations of type (i), let 13^^13^^ -7^Si'' e /' and /S^'M^'-anUaLls • • • ^''^i' e 
p. All relations of type (ii) are in f^. We now consider the relations of type (iii). 

So (/jW/jM _ ^[sw)7r^i = (/j^Msr^i - 7isisr e i and /j^Msr^i e /. 

Therefore T^SlSo^'' G I and is not in f. Also jfhf^o^Pi^ " ToSl") = 
(7i Po 01 - 7i 7o 7i ) G -'^ and 7} 'PoP[' G /. So 7} '70 7i G ^ and 
is not in Similarly we can show that neither Pq^Pi^Pq'^^^ nor /3[*'/3q'''^'/3[*'''^' are 
in f. 

Now consider "a-paths". WehaveP^Q^P^^'^-a^^_^a^^l^ ■ • -a^^laj'' e J^. So (P^^P^^- 
an-2(Xn-3---(^f(xfWn-2 G / and p^^pf^a^^^^ G 7. Therefore it follows that 
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0^-20^-^ ■ ■ ■ o^c}^c^ e / and is not in p. Also a^-'^ {if^-o}^.^., ■ ■ ■ o^a 
e I and a^'V4'Vf e I. So o}^^ o^_^c^_^ ■ ■ ■ a^^af e / and not in f\ 

However, the path aj'ai'aj^^j ' ' ' (^2^^^ cannot be obtained from any other el- 
ements, so a2'cti'ctn^2 ' ' ' 0^2'''^' € p. In general, a|*'a|!Li ' ' ' ^i'+i' '^fe'*'^' ^ ^^^^ 
A; = {2,...,n — 3}. So we have the following proposition. 



Proposition 4.1. For A = A(£'„, s, 1) with s >1, and for all i G {0, . . . , s — 1}, 
let 

fh,=o^pt\ /f.2.=««7r', 

/2,3,j ~ Pi "n-2 ' •'2,4,1 " II "n-2 ' 

fLi = PM^'\ /l,6,. = 7^'/?^' and 

flk,i = oc^^ ■ ■ ■ c^o^i;^ ■ ■ ■ , /or fc = {2, . . . , n - 3}. 

Then P — {p l i^ p^2,i' /l.l.i' /2,2,i' /I.S.i' /2,4,i' /I.S.i' /2,6,i' fi,k,i} Z^*" « = 0, . . . , S — 

1 and k = 2, ... ,71 — 3 is a minimal set of relations. 



For the rest of the algebras, we can find a minimal set of relations in a similar 
way. They are given in the following propositions. 

Proposition 4.2. For A = A(£)„, s, 2) with s>2, let, 
for all i G {0, . . . ,s — 1}, 

/l,l,i — PO Pi 10 II ' /l,2,i — Po Pi "n-2"n-3 "2 "i , 

f2 _ r2 _ W [i+1] 

■I2,3A — Pi "n-2 > /2,4,i — 7l "„_2 , 

for alli€ {0,...,s- 2}, 

f2 _ f>li\Ji+l] f2 _Ji\ob+l] 

J2,5,i — Pi 10 ' /2,6,i — 7l Po ' 

f2 _ds-l]dO] f2 _As-n\0] 

/2,7,s-l — Pi Po ' /2,8,s-l — 7l 7o ) 

forie{0,...,s- 1}, 

flk,i = ■ ■ ■ a^at^ ■ ■ ■ a^^l , for k = {2, . . . ,n - 3}. 

Then p = {fl^,iJl2,iJli,i,fl2,iJl3,iJli,ifori = 0, . . . , s - 1} U {/^g,,, 

fori = 0,...,s-2}U fls,s-i} U {flk,i fori = 0,...,s-l 

k = 2, . . . ,n — 3} is a minimal set of relations. 



Note that Proposition 4.2 is for s > 2. For s = 1 the minimal relations are 
different and are given in the next proposition. 
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Proposition 4.3. For A = A(Ai, 1, 2), let 

= /3o/3i - 7o7i: /i,2 = /^o/3i - a„-2Q:„-3 • • • 0:20:1, 

fli = ai/3o, /|,2 = oi7o, 

/I 3 = /3iQ!„_2, /|,4 = 7lOn-2, 

/l,5 = /3i/3o, /|,6 = 7i7o and 

/l.fc = "fe ■ • • aian-2 ■ • • CKfc, forke{2,...,n- 3}. 

T/ien = /i,25 /l.l) /2,2, /I.S' /2,4) /2,5> /2,6> /I,/!; ^ ~ 2, . . . , n — 3} «s a 

minimal set of relations. 

Again for A{D4, s, 3) wc separate the cases s > 2 and s = 1. 

Proposition 4.4. For A = A(D4, s, 3) s > 2, ?ei, 
for all i e {0, . . . ,s - 1}; 

/i,i,i — Po Pi /o 7i , /i,2,i ^ Po Pi og , 

for all i e {0, . . . ,s - 2}; 

/2,4,i — Oi Po ' J2,5,i — Pi 7o > 

J2fi,i — 7l "o ' 

/2,7,s-l — 7l 7o , ./2,8,s-l — Pi Po > 

/•2 _^[^-l]^[0]. 
•/2.9,s-l — "1 "o ' 

/3^,M-i = P'r'PfPf\ fhs-i = 

/l,4.-i = Pt''ptV^\ fhs-1 = «r^'/3rM"' and 

f2 _/o[«-l]^[0] [0] .2 _M-l\ [0] m 

hfi,s-i — Pi 7o 7i 1 /3,7,s-i — 7i olq cti ■ 

Then /2 = {/f,i,„/f,2,„/|,i,.-/l,2,.,/l,3,^, fori = 0,...,,s - 1} U {/|,4,„ /|,5.,, 

/2,6,i /O'' * = 0, . . . , S - 2} U {/|,7,s_i, /|,8,s-l> /2,9,s-li /l.l.s-l ' /3,2,s-l i /3,3,s-l ' 

/1 4 s-1' /Is s-1' /1 6 s-i} minimal set of relations. 

Proposition 4.5. for A = A(i:i4, 1, 3), let 

fi,i = PoPi - 7o7i: /i,2 = /3o/3i - oooi, 

/l.i = /^lOO, /|,2 = oi7o, 

/2% = 7i/3o, 
/2,4 = 7i7o, /|,5 = /3i/3o and 

/2,6 = otiao. 

Then = {f^^, ff ^, /l.i, /2,2) /2,3> /2,4) /l.s^ /I.e} « minimal set of relations. 
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Proposition 4.6. For the standard algebra A = A{D3rn, s/3, 1) with s >1, for all 
i G {1, . . . ,s}, let 

fl,^^ = of • ■ • A+2a^'l . . . ^[^+3] alljG{2,...,m- 1}. 

Then p = f^^ij for j = 2, . . . ,m — 1 and i = 1, . . . ,s} is a minimal set 

of relations. 



Proposition 4.7. For A = A{En,s, 1) with s > 1 o.nd for all ? e {0, . . . , ,s — 1}, let 



/l.l.i 




/2,2,i — "i 72 5 


/I.S.i 


= P^o^, 


^2 _ /o[i] [i+1] 
/2,4,i — Pi 72 > 


/2,5,i 


[i] [i+1] 
= 7i , 


/2,6,i — 7l P3 > 


[i] [i 


1 ... J'+^lJ*+il 
-1 "fe+i "fe 


/or A; e {2, . . . , n — 4} anrf 



/3,fe,i 

Then f'^ = {fi^i^i, fi^2,i' f2,l,i^ f2,2,i' ■f2,3,V f2,4,V f2,5,i^ f2,6,i' fi,k,i f'^''" ^ ^ 

n — 4}, /I j} is a minimal set of relations. 



Finally, for the algebras of type Eq we have 2 cases to consider. 

Proposition 4.8. For A = A{Ee, s, 2) with s >2, let, 
for all i G {0, . . . ,s — 1}: 



and for all i G {0, . . . ,s — 2}: 

/2,5,i — "1 Ps ' /2,6,i — Pi "3 , 

/i,7.-i = ar^^4^ /i,8.-i=/3r^^4°^ 

T/ien /2 = /2 /2^^^, /|3^^, /or i = 0, . . . s - 1} U {/^s.,, /^^ 

/or ^ = 0, . . . , s - 2} U {/|,r,.-i, /l,8,.-i} U {/|,i,i, /|,2,i, for i = 0, . . . , s - 2} U 
{/Is s-i> /3,4,s-i} «s 0. minimal set of relations. 
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Proposition 4.9. For A = A(£;6, 1, 2), let 



flA = - 7271, 



/i,2 = /?3/?2/3i - a3a2ai, 



fll =71^3, 



/2,2 = 71/33, 



2,3 



q;i72, 



/l,4 = /3l72, 



/1 5 = aiQ!3, 



/2,6 = 01p3, 



/g 1 = a2ai/33/32, 



/3.2 



/32/3ia3a2. 



T/ien /2 = fl^, /|,2, /|,3i /2,4i /2,5> /2,6> /l.i- /3,2} « minimal set of re- 

lations. 



We now apply Theorem 3.6 to the self-injectivc algebras of tjrpe Z)„ and £^6,7,8 
using Propositions 4.2, 4.3, 4.4, 4.5, 4.6, 4.7, 4.8 and 4.9. 

For example consider the algebra A(£)„,s,2) for s > 2. Fix an order on the 
vertices and the arrows: 

«L°l2 > «E3 > ••• > 4°^ > 7^^ > 7^^ > > 4°^ > aL^l2 > ••• > > 
•••>at-2^I>...>/3r= 

and l3^i > ei,o > e„_2,o > • • • > ei,i > e„,o > e„_i,o > • • • > ei,s_i > 
en-2,s-l > • • ■ > en,s-l > e„_i,s-i- 

Then tzpifl,^,) = t^piP^^(3^^ - T^Sf') - and tzp(/f,2..) = MpI^^ - 

an-2'^n-3---'^2^(^i^) = "n-2"n-3 " ' ' "2^ "i ' for z = 0, . . . , s - 1. For all other 
ff e f with /2 ^ ., . we know that /? is a path in KQ so tipiff) = ff. 
In these cases o(/|)NonTip(/)t(/2) = {0}. Let = o(/f = oifl^J and 
let = t{.f?.i,z) = t(/i,2.») for « = 0,...,s - 1. Then (?7,,'m,) e Bdy{p) and 
i;iNonTip(/)M;i = {/Jq'M''} for alH = 0, . . . , s - 1. So let = /3|,*l/3['l for i = 
0,...,s-l.Thenvifwi = {/^'^^M^' -7iSf', -"l2«l3 • ' • 4'"?'} = {p'^'- 

—92'}' where = 7om'^ 52' = Q![^L2Q!n-3 • ■ ■a2^aiK With the notation of 
Theorem 3.6, = {P^^pf^ | i = 0, . . . , and F = {^^^ ^ ^W^H ^ «H_^«H_3 . . . , 
II i = 0, . . . , ,s — 1} = Lq{Y). Choose a^*' = 7q' and a^^ = that a^*' and 

0^2 are arrows associated to and respectively, and a^*' occurs once in 
for j = 1,2. Then by applying Theorem 3.6, every element of llom{Q^,A) is a 
coboundary and so HH2(A) = 0. 

Similar arguments give the following corollary. 

Corollary 4.10. Suppose s > 2. Let A be one of the standard algebras A(I?„, s, 1), 
A(£)„, s, 2) for n > 4, A(£)4, s, 3), A(i:)3„, s/3, 1) with m > 2, 3 f s, A(i;„, s, 1) with 
n G {6, 7, 8} or A{Ee, s, 2). Then HH^(A) = 0. 

Remark. Theorem 3.6 does not apply if s = 1 since in this case there is some 
{v,w) e Bdy{f'^) with dim vAw > 1. 
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5. HH^(A) FOR THE STANDARD SELF-INJECTIVE ALGEBRAS OF FINITE 

REPRESENTATION TYPE 

In this section wc determine HH^(A) for the standard algebras A(Z)„,s,l), 
A(D„, s, 2), K(Di, s, 3), A(i:>3„, s/3, 1), A(£;„, s, 1), K(E(i, s, 1) when .s = 1. A sketch 
of the proof is given in each type. We start with A(£)„, s, 2) since HH^(A) 7^ in 
this case. 

Theorem 5.1. For A = A(£)„, 1, 2) we have dim HH^(A) = 1. 
Proof. For A = A(Z)„, 1, 2) we label the quiver Q{Dn, 1) as follows: 




n — 3 n — 1 n 1 



2 




The set of minimal relations was given in Proposition 4.3. Recall that the 
projective = 0j^g/3 Ao(2/) t(y)A = (Aei (g) e„_3A) © (Aei ® e„_2A) © (Aei 

e„_iA) © (Aei <S> e„A) © (Ae2 (8) ei A) © (Ae„_i ® eiA) © (Ae„ ei A) © ©^"IglAe^ (g) 
6^-2 A). (We note that the projective is also described in [8] although Happel 
gives no description of the maps in the A, A-projcctive resolution of A.) Following 
[6], and with the notation introduced in Section 1, we may choose the set /"^ to 
consist of the following elements: 



{/i,i' /i'2' /m' /m' fl fn-iJl fl f^}, with m e {4, . . . , n - 2} where 
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/l,l = /l,2"n-2Q:n-3 = /3o/|,3"n-3 - an-2/|,„_3 S e-iKQen-3, 

fli = IliOin-2 = /3o/|,3 - 70/2,4 e ei/s:Qe„_2, 

/i,3 = /i,2^o = /3o/|,5 -a„-2---a2/|,i e ei/fQe„_i, 

/i,4 = /i,i7o - /f,27o = a„-2 • • • "2/1,2 - 7o/l,6 e eiis:Qe„, 

/I = /l,i/?i - /|,27i = ai/1,1 e ezKQei, 

fn-i = /l,5/3i - /l,3"n-3 • • • ai = /?l/f,2 ^ e„_iii'Qei, 

/n = /l,4an-3 • • • ai - /|,67i = 7i/?,i " 7i/i,2 e e„ifQei, 

/I = /3,2"i = "2/2,1/31 - Q!2Q!i/f_2 e ea^sTQei, 

/m = fi,m-l<^m-2 = Q!m-l/3,m-2 ^ e„/i:Qe„_2 

for m G {4, 



Wc know that HH^(A) = Kerd3/Imd2. First we will find lmd2. Let / G 
Hom(<5^, A) and so write 

/(ei ®/3o Cn-l) = Ci/3o, /(Cn-l ^l/Si Ci) = C2/3l, 

/(ei 81-^0 e„) = C370, /(e„ d) = C471, 

/(ei (S)a„_2 e„-2) = ci„_2a„_2 

and 

/(e/+i (g)„, e;) = djo;/ for Z e {1, . . . , n - 3}, 

where Ci, C2, C3, C4, d; G JiT for ^ G {1, . . . , n — 2}. 
Now we find /A2 = ^2/- We have 

/^2(ei ®/2^ ei) = /(ei (gj^j^ e„_i)/3i - /(d e„)7i + /3o/(e„-i O/ji ei) - 

7o/(e„ (E'71 ei) = ci^o/3i - C37071 + c2/3oA - C47071 = (ci - C3 + C2 - c4)/3o/3i. 
Also /^2(ei (81/2^ ei) = /(d (g)^^ e„_i)/3i + /3o/(e„_i O^ji Ci) - /(ei ®a„_2 

en-2)Q:n-3 • ■ • "l - an-2/(en-2 f^a^-s e„_3)Q!„_4 • • • ai - . . . - a„_2 • • • 0:2/(62 (glai 
ei) = Ci/3o/3l + C2/3o/3l -C^n-2Q!„_2 • • - Qfi - . . .-diQ!„_2 • • •a2Q!l = (C1+C2 -d„_2 - 

...-di)/3o/3i. 

By direct calculation, we may show that /A2 is given by 

/A2(ei <S:f2^ ei) = (ci - C3 + C2 - C4)PoPi = c'poPi, 
fA2{ei (g)j2^ ei) = (ci + C2 - d„_2 - ... - di)/3o/?i = c"/3o/3i 
for some c', c" G -fC and 

/^2(0(/J)®i(/J))=0 

for ah /2 ^ /2i, 2 . So dim lmd2 = 2. 

Now we determine Kerrfs. Let h G Kerrfs, so h G Hom((5^,A) and d^h = 0. 
Then /i : — > A is given by 

h{ei i8)/2^ ei) = ciei + C2/3o/3i, 
/i(ei i8)j.2^ ei) = 0361 + C4/3o/3i, 

/i(o(/|,i) ®/|,^. t(/l,i)) = 0, for i G {1, . . . , 4}, 
/i(e„_i (g)j2^ e„_i) = C5e„_i, 
/i(e„ (8)j.2^ e„) = C6e„ and 
Koiflk) ^fl, Kflk)) = dkCXk, for fc G {2, . . . ,n - 3} 
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for some ci, . . . ,ce,dk & K for fc G {2, . . . , n — 3}. 

Then hA3{ei 0/3^ e„_3) = h{ei ®f^^ ei)a„_2Q!„_3 - /3o/i(e„_i ^f^^ e„_2)Q;n-3 

(c3 + d„_3)a„_2a„-3- As he Kerd^ we have C3 + (i„_3 = 0. 

In a similar way, by considering /iA3(o(/f ) (8)/3 t(/f)) for all /f G Z^, /f ^ fl-^ 
it follows that h is given by 

/i(ei (g)/2^ ei) = C2/3o/3i, 
/i(ei i8)/2^ ei) = 0361 + C4/3o/3i, 
»/|,^ = 0, for 3 &{!,..., 4}, 

/i(e„_i (8)/2^ e„_i) = C3e„_i 
/i(e„ (8)/2^ e„) = C3e„ and 

KoUlk) ®fl^ Kflk)) = -C3ak, for fc € {2, . . . , n - 3} 

for some C2, C3, C4 G K. Hence dim Keriis = 3. 

Therefore dim HH^(A) = dim Kerdg - dim Imd2 = 3 - 2 = 1. □ 



5.2. A basis for BR^iA) for A = A(£)„, 1, 2). 

Let ?7 be the map in Ker given by 

ei®/2^ei ei, 
Cn-i fS/l^ e„_i e„_i, 

"(/l.fe) ®/3% t(/ife) ^ -"fc' for /c G {2, . . . , n - 3}, 
else 0. 

Clearly, 77 is a non-zero map. Suppose for contradiction that 77 G Im(i2. Then by 
the definition of r/, we have ?7(e„ ®/2 ^ e„) = e„. On the other hand, ?7(e„ <8)/| ^ e„) = 
/A2(e„ <8>/2^ e„) for some / G Hom((5^,A). So 77(e„ (8)/2^ e„) = 0. So we have a 
contradiction. Therefore rj ^ Im d2 . 

Thus r] + Iuid2 is a non-zero element of HH^(A) and the set {rj + Iuid2} is a 
basis of HH2(A). 



Theorem 5.3. For A = A(£)„, 1, 1) with n>4, we have HH^(A) = 0. 

Proof. With the quiver Q{Dn, 1) as in Theorem 5.1 and direct calculations for s = 1 
we choose the set to consist of the following elements: 

{/i,i, /?,2, /m, /m, fl fn-iJl fl fl}, with m G {4, . . . , n - 2} where 
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= /l,2Q^n-2an-3 




A, 2 


= /lian~2 




fh 


= - /f,2/3o 






= /l,270 




1 


= fllPl-fl2ll 




fn-l 


= /2,3"n-3 • • • ai 




J n 




_3 ■ • ■ ai 


fi 


= /3,2ai 




J m 







Then it is straightforward to show 
HH^(A) = 0. 
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/?o/2,3Q^n-3 - an-2/|,„_3 ^ ei/rQe„_3, 

^ /3o/2,3 - 70/2,4 G eiiirQe„_2, 

: a„_2 • • • 0:2/1,1 - 7o/|,6 S eiiirQe„_i, 

^ Pof2,5 - ^n-2 ■ ■ ■ "2/1,2 G ei/CQCn, 

^ aifli e eaifQei, 

71/1,2 G e„ii:Qei, 
^ "2/2,1/?! - Q!2Q!i/f,2 G esifQei, 
■ ""1-1/3,1,1-2 G emiirQem_2 

for m e {4, . . . ,n - 2}. 

lat dim Im ^2 = dim Ker ds = 2 and so 

□ 



Theorem 5.4. For A = A(£>4, 1, 3) we have HH^(A) = 0. 

Proof. Wc have the quiver Q(D4, 1) as in Theorem 5.1 with n = 4 and, following 
Asashiba in [1], write ao for a2- By direct calculation we choose the following set 

/' = {/f,i,/f.2,/f.3,/l,/|,/l}whcrc 



/?,1 


= /l,l70 


- /l,270 


— "0/2,2 


- 7o/|,4 G eiJ4:Qe4, 


A, 2 


= A',i/?o 


= /3o/2,5 


- 70/I 3 G eiii'Qe3, 


A, 3 


= /l,2"0 




= Mil 


- "0/2,6 G eiKQe2, 


/I 


= /2,6"1 


- /I,27l 


= "1/1,1 


- "1/1,2 G e2iirQei, 


/I 


= /l,5/3l 


- /I,l"l 


= MI2 




/I 


= /l,3/3l 


- /I,47l 


= 7i/f,i 





We can then show that dim Kerrfs = dim Imd2 = 2 and so HH^(A) = 0. □ 



Theorem 5.5. For the standard algebra A = A{Dsm, 1/3, 1) we have 

1 if m > 3 and char K 2, 

3 if m> 3 and char K = 2, 

2 if m = 2 and char K ^ 2, 

4 if m = 2 and char = 2. 



dim HH^(A) = < 



Proof. We consider first the case m > 3. Keeping the notation of 1.8 and Proposi- 
tion 4.6, the set /^ may be chosen to consist of the following elements: 

{fl fl /^_i, /^} with t G {2, . . . , m - 2} where 

/i = /i/3"i"2 = /3/i"i"2 +/3"i •• •"m-i/|"2 - "1/3,2 G eiii:Qe3, 

ff = fltat+i = atflt+x G etKQet+x for i e {2, . . . , m - 2} 

/m_l = /3,m_l"m = "m-l/|"2 ' ' ' "m/? + "m-iam/i " "m-l"m/3/i G e^-i 

/m = /I "2 • • • "m/?"l = -am/i/?"l + "m/3/l"l + "rn/3"l • • -"m-l/l G er„iirQe2. 

To find Imd2, let / G Hom((5\ A) and so 

/(ei ei) = ciei + C2/3 + 03/?^ + C4/3^ 
/(ei ®ai 62) = cii"i + ki(3ai, 
f{ei Oa, e;+i) = diai, for / G {2, . . . , m - 1}, 
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/(em <^a^ ei) = dmOim + kmOimf^, 

where ci, C2, C3, C4, d;, fci, A;™ e -fC for Z G {1, . . . , m}. 
It is straightforward to show that fA2 is given by 

/A2(ei ®/2 ei) = 2ci/3 - (rfi + rfa + • • • + rf„ - 2c2)/32 + (2c3 - fci - 

/^2(em 0/2 62) = (fci + km)amf3ai, 

f{ej ®f2 , Cj+i) = 0, for all i G {2, . . . , m - 1}. 

So 

charii:^2, 



dimlmd2-, . :.charif = 2. 



r 4 if 

\ 2 if 

Now let h G Ker ds, so /i G Hom((32, A) and d^h = 0. Then /i : — > A is given 

by 

/i(ei (gi/2 ei) = ciei + C2/3 + C3/3^ + 04/?^, 

/i(em <8>/2 62) = C5Q!,„/3ai and 

h{ej (g)/! Ej+i) = djaj, for j G {2, . . . , m — 1}, 

for some ci, . . . , C5, <E K where j = 2, . . . , m — 1. 
By considering hA3{ei (^fs 63) we see that ^2 = 0. 

Then, for t G {2, . . . ,m - 2}, we have hAslet 0/3 64+2) = {dt - dt+i)atat+i. 
Then dt — dt+i = and so dt = dt+i for t = 2, . . . , m — 2. Hence d2 = ds = . . . = 
dm-2 = dm-i- We already have ^2 = so d^- = for j = 2, . . . , m — 1. 

Moreover, hA3{em 0/3, 62) = so this gives us no information. Thus, it may be 
verified that h G Ker ^3 is given by 

h{ei 0/2 ei) = ciei + C2P + C3/3^ + C4/3^, 

/i(em 0/2 62) = C5Q!TO/3ai and 

/i(ej /2^ Cj+i) = 0, for j G {2, . . . , m — 1} 

for some ci, . . . , C5 G -fC and so dim Kerds = 5. 
Therefore, 

I2/A^_/ 5-4=1 if char if 7^ 2, 
5-2 = 3 ifcharii' = 2. 



dim HH^(A) 
For m = 2, we again have that 

dim Im d2 = 

However, in this case we have that dim Ker d^, = 6. Hence, for m = 2, we have 



4 ifcharii'^2, 
2 ifcharX = 2. 



tttt2/»n f 2 if chariirf^2, 
dimHH^(A) = <^ , .» , o 
^ ^ 1^ 4 if charge = 2. 



This completes the proof. □ 



5.6. A basis for HH^(A) for the standard algebra A = A{Dsrn, 1/3, 1) for m > 3. 



24 



AL-KADI 



Suppose char if ^ 2. 

Prom Theorem 5.5 we know that dim HH^(A) = 1 in this case. Let h be the 
map given by 

ei ®j'2 ei H- »• ei, 
else I— > 0. 

Then {/i + Im(i2} is a basis of HH^(A) when char^f 2. 

Suppose char if = 2. 

Here dim HH^(A) = 3 from Theorem 5.5. We start by defining non-zero maps 

fti, /i2, /i3 in Kerds. 

Let h\ be the map given by 

ei 0y:2 ei I— »• ei, 
else I— > 0, 

/i2 be given by 

ei (g)j2 d ^ /3, 
else I— > 0, 

and /i3 be given by 

ei (g)j2 d !-»• 
else I— > 0. 

It can be shown that these maps are not in Imd2 since char/T = 2. Now we 
will show that {h\ + Imd2, /i2 + Imd2, /^a + Imrf2} is a linearly independent set in 
Kerdg/Imds = HH2(A). 

Suppose a(/ii + Im(i2) + b(/i2 + Imd2) + c(/i3 + Imrf2) = + Imd2 for some 
o, 5, c e JiT. So ah\ + 6/12 + c/13 e Imrf2. Hence a/ii + 6/12 + c/13 = /A2 for some 
/ G Hom(Qi,A). 

Then (a/ii + 6/12+ c/13 )(ei(g)j.2d) = /^2(ei 0/261). So aei + 6/3+c/3^ = d(3^-kP^ 
for some d,k E K. Since {ei, /?, /?^, /3^} is linearly independent in A, we have a = 
6 = and c = k. But = (a/ii +6/i2 + c/i3)(er„(g)j2 62) = /^2 (em O/l 62) = /caTO/^CKi- 
So fc = and thus c = 0. Hence {/ii + Imd2,/i2 + Imrf2,/i3 + Imrf2} is linearly 
independent in HH^(A) and forms a basis of HH^(A) when charii' = 2. 

5.7. A basis for HH^(A) for the standard algebra A = A{D3rn, 1/3, 1) for m = 2. 

Note first that ff = — aia2 and /| = Q!2Q;i. 
Suppose char if ^ 2. 

Prom Theorem 5.5 we know that dim HH^(A) = 2 in this case. Let hi be the 
map given by 

ei (8)j2 d I— > ei, 
else I— > 0, 

and /i2 be given by 

62 (8)/2 62 62, 

else I— > 0. 

A similar argument to that above shows that {hi + Imrf2, /i2 + Imd2} is a basis of 
HH2(A) when chariiT^ 2. 

Suppose charii' = 2. 
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Here dim HH^(A) = 4 from Theorem 5.5. Let hi be the map given by 

ei (8)j2 ei I— > d, 

else I— > 0, 

/i2 be given by 

ei f2 e\ I— > 

else I— > 0, 

/i3 be given by 

ei (8) /-a ei i-> 

else 1-^ 0, 

and /i4 be given by 

62 0/2 62 !-»• 62, 

else I— > 0. 

Again, a similar argument shows that {/ii + Im (i2 , /12 + Im c?2 , ^3 + Ini (^2 ■ ^-4 + 1™^ (^2 } 
is linearly independent in HH^(A) and forms a basis of HH^(A) when char if = 2. 

Theorem 5.8. For A = A(i;„, 1, 1) with n = 6, 7, 8, we have RB^iA) = 0. 
Proof. For A = A{En, 1, 1) we have the quiver Q{En, 1) which is described: 




2 
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The set may be chosen to consist of the following elements: 

/l,2) /l,3' /l,4) /l,5> /I) /ra-l) /ra-2) /n' /I' /ml where 

= /f,2an-3an-4 = /33/32/|,3a«-4 " an-iftn-i ^ ^iK QCn-i, 

/l,2 = fllOinS = /?3/?2/|,3 " 72/|,5 G eiJCQCn-a, 

/i,3 = flM = Psf!-l2flep2eeiKQen-2, 

fi,4 = /l,l/53 - f 1,203 = an-zUn-A ' ' ' a2/|,l " 72/1,6 G Cii^ Qe„_i, 

/i,5 = /i,272 = /?3/?2/|,4 -Q;n-3an-4-- -0:2/1,2 GeiXQe^. 

/I = fliMi - fl2li = aifl^Ge2KQei, 

fLi = flPi = /32/3i/f,i+/32/|,47i ee„_ii^Qei, 

fl-2 = flz^n-A ■ ■ ■ 0:20:1 - /|,47i = /3i/i,i - /3i/i% e e„_2i4:Qei, 

/n = /2,6/32/3l - /2,5"n-4 • • • a2Q;i = 7l/r2 G CnKQei, 

fi = fl.2p-\ = a2/|_i/32/3i - 0:20:1/1% e esi^Qei, 

fm = /3,m-l"m-2 = Om-l/3,m-2 ^ eTOii:Se„_2, 

for m = 4, ... n — 3. 

Then it is easy to check by direct calculations that dim Kerds = dim Im(i2 = 2 
and so HH^(A) = 0. □ 

Theorem 5.9. For A = A{Ee, 1, 2) we have HH^(A) = 0. 

Proof. With the notation for Q{Eq, 1) as in Theorem 5.8 and with n = 6, the set 
/^ may be chosen to consist of the following elements: 





r £S .^3 .f3 j?3 
i/l,H /l,2' /l,3' /l,4' /l,5' /2 ' 


/3'>/4',/5>/|}where 


/l,l 


= /f,272 






0302fli - 0302/1,3 G ei/CQee 


A, 2 


= fllPs 






/93/92/|,6 - 72/2,2 e ei/CQes, 


/l,3 


= /l',2/33/32 


- /33/?2/|,6/32 




-03/3,1 G eiKQei, 


/|4 


= /i,ia3- 


/l,203 




0302/2,5 - 72/2,1 G ei/TQes, 


/l,5 


= /l,l0302 


+ 72 ./1, 102 




/33/|,2 G eii^Qe2, 


/I 


= fl5<^2ai 


- /I,37l 




0:1/1,1 - "1/1,2 G e2-ft:Qei, 


fl 


= /l.lA- 


0:2/2,371 




020i/f 1 e esifQei, 


fl 


= /l,6/32/3l 


- /2.471 




/3i/fi ee4/fQei, 


fi 


= /3,20l ^ 


/32/|,6/32/3l 




-P2kfl2 G esi^Qei, 


fi 


= /l,2/32/3l 


- /1, 1020:1 




71/1^2 G eeJCQei. 



Again by direct calculations we can show that dim Ker ^3 = dim Im ^2 = 2 and so 
HH^(A) =0. □ 



To summarise the results of Sections 4 and 5 we have the following theorem. 

Theorem 5.10. Let A be a standard self-injective algebra of finite representation 
type of type A(D„, s, 1), A(D4, s, 3) with n > 4, s > 1, A(D„, s, 2), A(D3to, s/3, 1), 
3 ] s withn > 4,m > 2,s > 2 orA{En,s,l), A{E6,s,2) with n € {6,7,8},s > 1. 
Then HH^A) = 0. 

Let A be A{Dn, 1, 2); then dim HH^(A) = 1 and a basis for HH'^(A) is given in 
5.2. 
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Let A be K{Dzni, 1/3, 1); then 
dim HH2(A) = < 
and a basis for HH^ (A) is given 



1 ifm>3 and char K ^ 2, 

3 if m > 3 and charX = 2, 

2 if m = 2 and char K ^2, 

4 ifm = 2 and char = 2. 

5.6' and 5.7. 



Thus with the information taken from [3] and [6] for the algebras of type An, 
we now know the second Hochschild cohomology group for ah standard finite di- 
mensional self-injective algebras of finite representation type over an algebraically 
closed field K. 

6. HH^(A) FOR THE NON-STANDARD SELF-INJECTIVE ALGEBRAS OF FINITE 

REPRESENTATION TYPE 

Let A = A (to), to > 2, be the non-standard algebra of 1.11 so we assume now 
that the characteristic of if is 2. We may choose a minimal generating set with 
elements as follows: 

fl = 0'^ - Oil--- am, /I = OimO-X - OimPai, 

j = 2,...,m — 1 if to > 3, 

i = 2 if TO = 2. 

We know that HH^(A) = Kerds/Imda- First we will find Imd2. Let / € 
Hom((5^, A) and so 

/(ei (8)/3 ei) = ciei + ca/? + csP^ + c^fi^, 
.f (ei (8)ai 62) = diai + kif5ai, 
fiei (8>a, ei+i) = diai, for / e {2, . . . , to - 1}, 

/(Cm (8)a„ ei) = dmOim + kmOlmP, 

where ci, C2, C3, C4, di, ki,km ^ K ioi I G {1, . . . , to}. 

We have = (Aei (g) f2 ei A) (Ae„ (g) j2 62 A) © 0J1"^^ (Aej (g) f2 e^+i A) if to > 3 
and = (Aei (8)^2 eiA) (Ae2 ®/2 62 A) ® (Ae2 ®/2_^ 63 A) if to = 2. 

Now we find /^2- We have fA2{ei ®j2 ei) = /(ei (g/j ei)/3 -|- /3/(ei ®i3 ex) — 

/(eii8)ai e2)Q!2 • • • arn-Ql./(R2 8a2e3)a3 ' ' ' am aiQ;2 • • • aTO-i/(em(g)a^ei) = 

(ciei+C2/3+C3/3^-|-C4/3^)/3-|-/3(ciei-|-C2/3-|-C3/3^-|-C4/3^)-(iiQ;i • • • am-d2Cti ---Um- 

... - dmOii ■■■am - kiPai ■ ■■am - kma\ ■ ■ ■ amfi = ^ciP - {di + d2 + \- dm - 

2c2)/32 + (2c3-fci-fc„)/33. 

Also /^2(em ®/| 62) = /(em ®a„ ei)ai +amf{ei (^ai 62) - fiem ®«„ ei)/3Q!i - 
ci;m/(ei (8>/3 ei)ai - am/3/(ei (gaj 62) = (dmQ;m + fcmam/?)"! -I- amidiai + kiPai) - 
{dmam + kmaml3)pai - Umiciei + C2/3 + C3/32 + C4/3^)ai - am/3{diai + ki/3ai) = 
{ki + km - ci- C2)amai. 

Finally, for to > 3 and j = 2, . . . , to — 1 or for to = 2 and j = 2, we have 
fA2{ej (g)/2 . Cj+i) = 0. 



for 
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Thus /A2 is given by 

fA2{ei (E)f2 ei) = 2ci/3 - (rfi + ^2 + • • • + - 2c2)/3^ + (2c3 - h - km)^^, 

fM{em <8)/2 62) = (fci + fcm - ci - C2)amQ;i, 
/(cj (8> /| Gj+i) = 0, for all j e {2, rn — 1} if m > 3 or j = 2 if m = 2. 
So, since chasK = 2, we have dim Inirf2 = 3. 

Next we determine Ker . We need to consider separately the cases m > 3 and 
m = 2. Suppose first that m > 3. 



For m > 3, we choose the set to consist of the following elements: 
{/?, ft, fra-i,fm} with t £ {2, . . . , m - 2} where 



n 
ff 

./ m — 1 
J m 


= fiPaia2 

= /3,m-l(am - am/3) 

= /|a2---amai 


= /3/f aia2 + «!••• ar„_i/|a2 + (/3ai - ai)/|_2 "= eiKQes, 
= atflt+i G ejii'Qet+s for t e {2, . . . , m - 2},' 
= am_i/|a2 • • • am + am-ia,„/f /? - am-iamPfi e Cm-iii'Qei 
= -am/i /3ai + a^/J/i^ai + a^ai • ■ • a^-ifi € emKQe2. 


Let /i e Kerds. Then /i : ^ A is given by 




/i(ei (g>j2 ei) 


= ciei + C2/3 + C3/32 + C4/3^, 






Dj2 62) = Csamai and 




/i(ej (g)j2 . ej+i) 


= djUj, for j G {2, . . . , m - 1}, 



for some ci, . . . , Cc,, dj G K where j = 2, .... to — 1. 

Then /iA3(ei(8>/3e3) = /i(ei®j2ei)/3Q;ia2— /3/i(eii8)j2ei)aia2— ai • • • am-ih{em®f^ 
€2)0^2 - (/3ai -ai)h{e2'^f2 ^es) = (ciei+C2/3 + C3/3^+C4/3^)/3Q!ia2-/3(ciei+C2/3 + 

c3/3^ + c4/3'^)q!iq:2 — c5q:i ■ • • Q!„i_iQ!TOaia2 — rf2/3aia2 + (i2aia2 = rf2(aia2 — /3aia2)- 
As h E Ker (is we have d2 = 0. 

For t e {2,..., TO — 2}, we have hA^{et ®ff et+2) — h{et ®f^^ ^t+ijo-t+i — 
ath{et+i ^fi^^^ et+2) = dtatat+i - dt+iatat+i = {dt - dt+i)atat+i. Then dt - 
dt+i = and so dt = rfj+i for t = 2, . . . , to— 2. Hence d2 = ds = . . . = dm-2 = dm-i- 
We already have (i2 = so = for j = 2, . . . , to — 1. 

Now hAsicm-i '^fl_^ ei) = h{em-i <^/|^_j e„)(am - amP) - am-ih{em <E)f2 
62)02 ■■■am - am-i(Xmh{ei (8)/2 ei)/3 + am-ictml3h{ei ei) = d 

(ciei + C2/3 + C3/32 + C4/33)/3 + 
am-iam/3(ciei+C2/3+C3/3^+C4/3^) = c?m-i(am-iam-ar„_iam/3) = 0, as d„i-i = 
from above. 

Finally, hAsiem t^f^ 62) = h{e„i ®j2 62)0:2 ••• a^ai + am/i(ei ®f2 ei)Pai - 
am(3h{ei® f 2 ei)ai- amOii ■ ■ ■ am-i^(em<8)/2 62) = c^amOLia2 ■ ■ ■ a^ai +am(ciei + 
C2/3+C3/3^ + C4/3^)/3ai-aTO/3(ciei+C2/3+C3^^ + C4/3^)ai-C5Q;mai • ■ ■ am-iOijnOii = 
~cia„il3ai + damPai = 0, and so this gives no information on the constants 
occurring in h. 

Thus h is given by 

h{ei 0/2 ei) = ciei + C2P + 03/?^ + 04/?^, 
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h{em ®/| 62) = csamai and 

h{ej ®f^. Gj+i) = 0, for j e {2, . . . , m - 1} 

for some Ci, . . . , C5 € -fC and so dim Ker ^3 = 5. 

Therefore, for m > 3 wc have dim HH^(A) = 5-3 = 2. 

This gives the following theorem. 
Theorem 6.1. For A = A(m) and m>3 we have dim HH^(A) = 2. 



6.2. A basis for HH^(A) for A = A(m) and m > 3. 

We have char K = 2, to > 3, and dim HH^(A) = 2. We start by defining non-zero 
maps hi, h2 in Kerds. 

Let hi be the map given by 

ei (g) j2 d ei , 

else I— > 0, 

and /i2 be given by 

Bi ig)j2 ei 1-^ /3, 
else 0. 

It can be shown as before that these maps are not in lTad2. Now we will show 
that {hi + lmd2, /i2 + lmd2} is a linearly independent set in HH^(A). 

Suppose a{hi + Imd2) + ^(^2 + Imd2) = + Imrf2 for some a,b € K. So 
ahi + 6/12 G lmd2. Hence ahi + 6/12 = /A2 for some / G Hom((5^, A). Then 
(a/ii + 6/i2)(ei (8)/2 ei) = /^2(ei ®/2 ei). So aei + 6/3 = d/?^ + A;/3'^ for some 
d,k £ K. Since {ei,/3, /3^,/3^} is linearly independent in A, we have a = b = 0. 
Hence {hi +lmd2, h2 + lrD.d2} is linearly independent in HH^(A) and forms a basis 
of HH2(A). 

6.3. HH^(A) in the case A = A(to) and to = 2. 

In the case m = 2 we showed above that dim lmd2 = 3. But now we have 
dim Kerens = 6. Thus dim HH^(A) = 3. It can be verified that {hi + Imrf2,/i2 + 
Imrf2, /13 + Imrf2} is a basis of HH^(A), where hi is the map given by 

Bi ei ^ ei, 

else I— > 0, 

/i2 is given by 

Bi (S)f2 ei 1—^ (3, 

else I— > 0. 

and /13 is given by 

62 (8)/2 62 !-> 62, 

62 <Si f2 Bi !-»• a2 + a2p, 

else I— > 0. 



We summarise all these results in the following theorem. 
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1- TTTT2/AN [2 ifm>3, 
dim HH"^(A) = J - : 



Theorem 6.4. For A — A(m) where char K = 2,rn > 2 we have 

2 ifm>3, 

3 ifm = 2. 

Moreover, if m > 5 then {hi + Imd2, /12 + Imd2} is a basis for HH^(A) where 
hi is the map given by 

ei (8)/2 Bi ei, 
else 0, 

and /i2 «5 given by 

ei (81/261 I— > /?, 
efee I— > 0. 

Ifm = 2 then {hi + Imd2, /12 + Im(i2, /i3 + Imd2} is a basis for HH^(A) where hi 
is the map given by 



/i2 is given by 

and /13 is given by 



61 (8>/2 61 1-^ 61, 
else I— > 0, 



61 (8/2 61 I— > /3, 
eZs6 I— > 0, 



62 (8/2 62 1-^ 62, 
62 (8/| 61 1-^ a2 + Q!2/3, 
efoe 0. 



This completes the discussion of HH^ (A) for the non-standard self-injective al- 
gebras of finite representation type over an algebraically closed field. 

To conclude we now summarise HH^(A) for all finite dimensional self-injective 
algebras of finite representation type over an algebraically closed field. 

Theorem 6.5. Let A be a finite dimensional self-injective algebra of finite rep- 
resentation type over an algebraically closed field K. If A is the standard algebra 
of type A{A2p+i, s,2) with s,p > 2, A(D„, s, 1), A(£'4, s, 3) with n > 4, s > 1, 
A{Dn,s,2),A{D3m,s/3, 1) with n>4,m>2,s>2 or A(£'„, s, 1), A(£;6,s,2) with 
n e {6, 7, 8}, s > 1; then HH2(A) = 0. 

// A is of type A{An, s/n, 1) then dim HH^(A) = m where n + 1 = ms + r and 
0<r < s. 

For AiAs, 1, 2); then dim HH2(A) = 1. 

Let A be A{Dn, 1, 2); then dim RR^{A) = 1. 

Let A be the standard algebra A(_D3m, 1/3, 1); then 



dim HH2(A) 



1 ifm>3 and char K ^2, 

3 if m >3 and char K = 2, 

2 if m = 2 and char ^ 2, 

4 if m = 2 and chaxK = 2. 



Let A be the non-standard algebra A(m) where duBxK 
dim HH2(A) = 2 if m> 2, and dim HH^(A) = 3ifm = 2. 



2,m > 2. Then 
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